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I. Introduction

UMERICAL analyses of radiative transfer in partici-

pating media can be very complex due to the long dis-
tance nature of radiative exchange. Computer simulations of
practical situations often require both large computer memory
and Jong calculation times. Serial processors have been used
extensively for radiative analyses, but simulations can take
hours on powerful machines like the CRAY Y-MP.!

The use of massively parallel machines, e.g., the single-
instruction multiple-data (SIMD) connection machine (CM)
with hypercube interprocessor connectivity, has proven very
effective in simulating large complex systems.? Calculations
are performed concurrently on tens of thousands of proces-
sors, each associated with memories arranged for efficient
processor-to-processor communication (in contrast to coarse
parallelism, where typically between 2 and 64 processors share
memory). In finite difference and finite-element computa-
tions, each processor is associated with one or more spatial
nodes, allowing all calculations on the data to be carried out
simultaneously. Along with the promise of substantial in-
creases in computational speed, massive parallelism also fa-
vors simpler computational algorithms since programming is
array oriented, as in FORTRAN 90.3
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Radiative computations are particularly well-suited for par-
allel processing. Recently Howell* has reviewed the use of
parallel computing for radiative transfer but did not address
the use of massively parallel architectures. Coarse parallelism
has been described for Monte Carlo radiative heat transfer
on an eight-processor ETA-10.° Hanebutte and Lewis® used
a CM-2 for simulating radiative transfer in a two-dimensional
enclosure via the discrete ordinates method. Other node-based
radiative transfer solution techniques could also be pro-
grammed for parallel computation.

Typically, only a few hundred nodes are used for radiative
transfer calculations in participating media, since fine-grained
meshes are not required. Since current massively parallel ar-
chitectures employ up to 2'¢ processors, a direct node-to-
processor association would utilize only a small portion of the
computing power available. Not only is it advantageous to
maximally utilize each available processor, but algorithms with
large memory requirements (in which array size exceeds the
memory available to the processors) can be employed since
many parallel machines have virtual processing ability, i.e.,
a single physical processor can act as multiple processors. A
parallel computational scheme in which each processor is as-
sociated with radiative exchange between nodes, and not to
the nodes themselves, would make full use of each proces-
sor. Such an approach corresponds to an exchange factor-
(zonal-) based computation, where both direct and indirect
radiative exchange between surfaces and volumes are calcu-
lated. The simplicity of this method as applied to parallel
computing lies in the formulation of a unified matrix for total
exchange factors. Within this context, parallel computations
are programmed without regard to the dimensionality of the
problem, so the same program can be used for one-, two-, or
three-dimensional geometries. A unified matrix for zone-to-
zone exchange factors has been formulated by Naraghi and
Chung,” and could be applied directly to parallel computing.
In this work we present a unified matrix formulation for node-
to-node-based radiative exchange in isotropically scattering
homogeneous media using the discrete exchange factor (DEF)
method,® and compare computational implementation on se-
rial and parallel computing machines.

II. Unified Matrix Formulation

The original formulation of the zone method, developed
by Hottel and Sarofim,® offered an accurate and versatile
method for radiative transfer analysis when it was first intro-
duced in 1958. Since this time a number of modifications to
this technique have been introduced, expanding the flexibility
of the method for treating practical problems (including ir-
regular geometries, inhomogeneous media, and anisotropic
media), while concurrently simplifying programming. The lit-
erature contains many techniques for simplifying the zone
method; a recent summary of some zone method extensions
can be found in Ref. 10. For the sake of generalization, we
refer to the zone method and its modifications as “‘exchange
factor” methods, since radiative exchange between distinct
regions can be expressed in terms of exchange factor matrices.
This is an attractive feature of the exchange factor approach
for massively parallel computing, since each matrix element
can be associated to a processor.

A number of formulations have been proposed for ex-
change factor matrices. Noble!! introduced an explicit matrix
formulation for the zone method which significantly simplified
programming. Further reducing programming, Naraghi and
Chung’ formulated a unified total exchange area matrix ZZ
based on Markov chain theory

ZZ = AB[B — zzZR] 'zzA 1)
where
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is the partitioned matrix of direct exchange areas and the
notation zz is used to represent the four mechanisms of direct
radiative exchange between zones, 1) surface to surface 5s,
2) surface to gas sg, 3) gas to surface gs, and 4) gas to gas
gg- Equivalently, the partitioned matrix of total exchange
areas which includes direct radiative exchange between zones,
e.g., wall reflection and volumetric scattering, can be ex-
pressed as

— SS|SG
ZZ = ﬁiré] (3)

[ p1| 0
R =
0 wol] “)

The reflection matrix

consists of wall reflectivity terms p along the diagonal in the
upper left quadrant, and a volumetric scattering albedo w, as
a diagonal expression in the lower left quadrant, and the
absorptivity matrix is simply A = I — R. Similarly, an equiv-
alent area matrix can be expressed as

Al 0
B = [0 4K,v] ®)

where A is the diagonal matrix of surface areas, v is the
diagonal matrix of zone volumes, and K, is the extinction
coefficient of the gas. The heat flux and emissive powers of
the zones are related by

s =11  Es
HowmE) o
where

q7 = {9,494, " v} 7N

97 = 9. 9.9, " 4} (8)

are vector terms representing the heat flux at the N, surfaces
and the N, volumes, and

EST = {EleszE53 T ENS} (9)
Ef = {E.EE, - ENg} (10)

correspond to surface and gas emissive powers.

Similarly, we introduce a unified matrix approach for a DEF
matrix. The motivation stems from the increased versatility
the node-to-node approach of the DEF method offers over a
zone-to-zone approach. Programming is easier and computer
analysis faster (since area and volume integration is not re-
quired), irregular geometries are easily analyzed, and grids
can be made compatible with those for other heat transfer
modes.'> The explicit unified matrix, expressed in terms of a
direct exchange factor matrix based on discrete nodal posi-
tions (for explicit expressions for direct exchange factors see
Ref. 8), can be formulated as

DZZ = [I — dzzRW]~'dzzA a1
where
_ dss|dsg

= | —lE5 12
dez [dgs dgg] (2

- DSS|DSG
= el 13
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Note that in the zonal formulation we used the notation zz
to denote direct exchange between finite zones, and in the
discrete exchange factor formulation we use the notation dzz
to represent direct exchange between nodes. We continue
with this convention, where dss is similar to ss, etc. The weight

factor matrix W is
w0

where the subscripts s and g refer to surface and gas, respec-
tively. In terms of the heat flux and emissive powers

q; N777T E
{;;} = [[ - DZZ™W] {Eg} (15)

Unlike the zonal formulation, the DEF formulation results
in dimensionless expressions.

III. Parallel Processing

The concise nature of the unified matrix formulation pre-
sented above makes parallel programming straightforward.
Once the direct exchange factor, reflectivity, absorptivity, and
weight factor matrices have been established (note, since R,
A, and W are diagonal matrices, for programming purposes
they may be formatted as vectors), the only programming
tasks are matrix operations. Two methods of solution for
finding DZZ in Eq. (11), and the heat flux or emissive powers
in Eq. (15), are direct matrix inversion and solution of the
linear system Ax = B. The CM Scientific Software Library
contains routines for matrix inversion using Gauss-Jordan re-
duction, matrix multiplication, and linear system solvers for
dense matrices. Matrix operations require only single state-
ments for each matrix operation since FORTRAN 90 is array
oriented.

Consider an n X n grid for radiative analysis. The unified
matrix approach requires (4n + n2) X (4n + n?) terms in
the DZZ matrix. When the total number of matrix elements
exceeds the total number of processors available for com-
putation, a virtual processing mechanism allows physical pro-
cessors to simulate more than one matrix element by dividing
the memory of each physical processor. Thus, if 2'¢ (65,536)
processors are available for computation, each processor will
represent approximately (4n + n2)?/2'¢ matrix elements. It is
precisely this ability to share the enormous amount of element
computations among the many thousands of physical proces-
sors that makes memory intensive algorithms, such as the
DEF and zonal approaches, attractive for use on parallel ar-
chitectures.

IV. Timing Comparisons

To investigate the computional efficiency of a parallelized
DEF unified matrix formulation, we investigate a rectangular
enclosure with one hot wall (dimensionless emissive power of
unity—surface 1) and three cold walls (dimensionless emis-
sive power of zero—surfaces 2—4), where each wall has an
emissivity of %. Surfaces 1 and 3 can be considered top and
bottom faces, and surfaces 2 and 4 side faces. The optical
thickness in each direction is unity, the gas scattering albedo
is 3, and there is no internal heat generation.

A 16,384 (2) processor CM-2 operating at a clock fre-
quency of 7 MHz, with 256K of memory and a 64-bit Weitek
floating-point accelerator, is used to test the parallel algo-
rithms, and the CRAY Y-MP, with 256 Megawords of 64-bit
word and 8 processors, is employed for the purpose of com-
parison with a serial processor. Although the CRAY Y-MP
has coarse parallel processing capability, all work is performed
serially. Compilations on the CM are performed under the
slicewise model.”®> Fair and consistent timing comparisons
between different computer architectures and algorithmic
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Table 1 Heat flux and emissive power for different grid sizes

Position 11 x 11 21 x 21 31 x 31

Surface 1 dimensionless 0.0 0.766 0.767 0.768
heat flux 0.1 0.757 0.765 0.764
0.2 0.756 0.758 0.759

0.3 0.749 0.754 0.753

0.4 0.748 0.751 0.752

0.5 0.745 0.750 0.750

Surface 2 dimensionless 0.0 0.445 0.446 0.447
heat flux 0.1 0.387 0.390 0.390
0.2 0.348 0.347 0.347

0.3 0.314 0.312 0.312

0.4 0.282 0.281 0.281

0.5 0.256 0.254 0.255

0.6 0.231 0.231 0.231

0.7 0.211 0.210 0.210

0.8 0.191 0.191 0.191

0.9 0.173 0.172 0.172

1.0 0.147 0.146 0.146

Surface 3 dimensionless 0.0 0.174 0.175 0.175
heat flux 0.1 0.197 0.203 0.202
0.2 0.218 0.220 0.221

0.3 0.225 0.232 0.231

0.4 0.236 0.239 0.240

0.5 0.234 0.241 0.241

Centerline dimensionless 0.0 0.921 0.931 0.918
emissive power 0.1 0.793 0.784 0.783
0.2 0.698 0.696 0.696

0.3 0.621 0.621 0.620

0.4 0.556 0.556 0.556

0.5 0.500 0.500 0.500

0.6 0.452 0.453 0.453

0.7 0.411 0.412 0.413

0.8 0.377 0.378 0.379

0.9 0.345 0.349 0.350

1.0 0.308 0.307 0.311

Table 2 CPU Timing comparison

Matrix inversion

LU Decomposition

Grid 4n + n? CM-2 CRAY Y-MP CM-2 CRAY Y-MP
11 x 11 165 2.066 s 1.256 s 3.491s 1.192 s
21 x 21 525 26.337 s 15.465 s 13.819 s 13.011 s
31 x 31 1085 178.878 s 82.760 s 30.877 s 63.370 s

implementations of a given solution technique are diffi-
cult to establish. Because of software and hardware differ-
ences we have calculated the solution using two established
techniques on commonly available software packages. On
the CM, the CMSSL library routine for matrix inversion
(GEN_GJ_INVERT) and LU decomposition (GEN_LU_
FACTOR and GEN_LU_SOLVE) are used.!* Partial pivot-
ing strategies were used for each method. To compliment
these techniques, on the CRAY we use the IMSL routines
LINRG for matrix inversion and LFTRG/LFSRG for LU
factorization and solving.

Dimensionless heat flux at the walls and emissive power
values along the centerline (from surface 1-3) are listed in
Table 1 for three grids, each with nodes equally distributed:
11 X 11,21 x 21, and 31 X 31. The values obtained using
the different solution techniques were essentially the same on
both the CM and CRAY.

The CPU time in seconds for the different solution tech-
niques is shown in Table 2 (only calculations involving the
matrix operations are timed; all i/o operations for calculation
of direct exchange factors are performed on the front end,
for which no account is taken). The timing results shown in
Table 2 should be viewed only as an indication of performance
since the results of using different algorithms on dissimilar
machines depend on a number of factors, e.g., programming
style, overhead, and setup costs. Nevertheless, a few general

statements can be made regarding the results. Although the
processors on the CRAY Y-MP are much more powerful than
those of the CM-2, the shear number of processors available
for concurrent computing shows the CM-2 performance to be
computationally compatible with the CRAY. These resuits
are significant since the cost of computing on the CRAY is
generally much greater than on the CM. As the grid size
increases, relative performance actually improves since the
communications pattern and calculation instructions do not
scale with the calculation speed. Let N be the order of the
matrix which is solved, i.e., 4n + r2, and ¢ be the CPU time
to compute the solution using this matrix. If i and j are two
calculations using the same method but different grid sizes on
the same machine, then the exponent p given in

NY s

N; 5
yields the effective order of the algorithm.?> We find that for
NJ/N; = 18 pcu = 2.6 and pcgay = 2.3 using matrix in-
version and poy = 1.1 and pcgray = 2.2 using LU decom-
position. For N/N, = 38, pem = 2.2 and peray = 2.2 using
matrix inversion and poy = 1.2 and pcgay = 2.0 using LU

decomposition. It is interesting to observe that LU decom-
position yields essentially a linear relationship between CPU

(16)
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time and array size on the CM, while the other algorithms
are essentially between 2nd and 3rd order.

The optimum virtual processing ratio VP (where VP is de-
fined as the number of virtual processors per physical pro-
cessor) is in multiples of 4, since the 64-bit floating point chips
have a vector length of 4 in the slicewise model. In terms of
computing speed, the number of matrix elements should be
as closely matched to the available number of processors, or
a factor of 4 times the number of available processors, as
possible (this assumption neglects communication and over-
head costs). For problems where a large number of nodes are
needed, it is wise to develop a computational approach which
accounts for resource allocation, developing adaptive grid
strategies with this in mind.

V. Conclusions

The results presented illustrate the performance possible
using matrix-formulated radiative transfer calculations on a
parallel computer architecture. These architectures have the
potential of changing the nature of radiative transfer calcu-
lations which are CPU and memory intensive. Computations
involving complex geometries will be more manageable and
much quicker. Parallel computing will be especially effective
for nonlinear problems, e.g., those which have temperature-
dependent properties. These machines also allow for simpler
programming, improving software readability, and reducing
source code size in comparison to code written for FORTRAN
77 compilers.
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Introduction

HE direct-simulation Monte Carlo (DSMC) method de-

veloped by Bird'® is an important technique for numerical
simulation of rarefied gas flows. In DSMC simulations, a
molecular model is required to calculate collisions between
molecules, and the most widely used model is the variable
hard sphere (VHS) model of Bird.? There are several models
which can be considered as extensions of the VHS model,
such as the generalized hard sphere model,® in which both
attraction and repulsion forces are incorporated, or the var-
iable soft sphere model,* which is compatible with both the
diffusion and viscosity coefficients. However, in predicting
the behavior of gas mixtures, there is an unfavorable aspect
in the models, i.e., all of the collisions between molecules in
a mixture are treated to follow only one common type of
molecular interaction rather than differentiating depending
on the type of interaction. The realistic treatment of molecular
interactions can be an important factor in simulating flowfields
involving large changes in mole fraction, especially if detailed
behavior of individual components in a gas mixture is to be
predicted. To overcome this kind of limitation, Erwin® ex-
tended an intermolecular-potential-based approach to binary
mixtures where heteromolecular collision cross sections ob-
tained from the corresponding intermolecular potentials were
employed. The application of the method, however, requires
a large cross-sectional data table for each class of molecular
collision, and is limited to monatomic gas mixtures. The par-
ticle simulation method proposed by McDonald® can, in prin-
ciple, employ different molecular interactions for different
kinds of molecular collisions. The method, however, has not
been applied to gas mixtures with different molecular inter-
actions. Recently, Chung et al.” proposed the variable di-
ameter hard sphere (VDHS) model which can be considered
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